Lecture Notes

Math 235-0 Series and Multiple Integrals

Agenda for Friday, May 24, 2024

Substitutions, cont

Reminders

« Office hours Fri 2-3 in Locy 203, Fri 3-4 with Kai-hsiang Locy 212

! MyLab on substitutions due Sun

! Exam 2 Tuesday

Recap

The Jacobian of a transformation 7' given by

matrix determinant

T
J— d(z,y, 2) |
T O(u, v, w) Yu

Z'LL

Note: For a transformation from R* — R?, use the 2 x 2 matrix J =

Ly

Yo

Y

N

g(u,v,w)

h('lh v, u}) is the

k(u,v,w)

Ty Ty

yu y v
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Substitutions, cont

Geometric meaning of Jacobian

Consider the Transtormatiow T:twn— (x,g) %m bj K- U3V, Y=u-3Y
What happens T the unit Spuare g/ven,éy 0£ULl  04VEL  under t/zl‘rw/ormww’/'?

Here's what T does tr the wuit Spuare 4 the uy- plone.
M t

LN

) ) 4
g w " Area 6
Area L T

The Jacobian of T is J- / Ao X
o Ye

I3

b

The absolits value of the
Jacobian, Lo e scale %ac‘ﬁ»/
%or the area p&/ a regiom
bwnﬁ lrans formed bg T
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Change of variables formula for double integrals
Suppose T is a transformation that maps a region S in the wv-plane to a
region R in the xy-plane. Then

J[ s aa= [[ st |20

dudv

Example 1. Let T be the transformation given by x = 2u + v, y = u + 2v

(a) Find the inverse transformation 7.

50&/& %ﬂr uand v : Xz 2u+V ~2(xz2u+v)
~2(3——u+zv) _prurzv
x-2y = -3¢ -Zx%w’éw

v --5(x-2y) u- é(Zxﬂgt)

T s m=é(2x*3) , v --slx-2y)

(b) Compute the Jacobians of 7" and T~ .

jacobm% T= }5%’% = ( Au X f L 20| - 3
Yu oYy 1 2
w V) |
jﬂwobwuxwd T - / g/((X/Y% = | U Uy SO 4 L L
\[)( \/\/ "25 L/5 q q 5

Remark. If a transformation 7" has Jacobian J, then the inverse transformation 7

1
has Jacobian —.
1aS 1a1l J
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Example 2. Use the change of variables x = 2u + v, y = u + 2v to evaluate the

integral / / xr — 3y dA where R is the triangular region with vertices (0,0), (2,1),
R

and (1,2).
Start with a sketzh B v i S
i Kegm/im Ts {J:Mﬂ\/ \ uv-plane
7‘8'7"‘””6 1 /v, 1-u
?:zx — \
'\\ I jn’rx U=0 ﬂ\\l / t/=:
3=ix
P[% each bowdw(y plece in T the 547% c/mgc pé[ variables  Piece 1 Pioce 2.
178 f/‘lw( the SW Oj W new l/eg//an Sm MV'&W. g,: 2X ?; 3 x
Uty = 2(2u+v) 2N = 5 2u+v)
Uu=0 V=0

7o use the CW& /5/ Varables {ormula/ we need e jhcobmg T

d(xy)
j’ {5/’:—%‘ = ?(u ?(-v — 2. | = 5
ﬂm Jv | 2

Wiite the new mgmz in Terms oj Wy . Use sketzh Ty set the bunds.
. = usv - 3(urzy) | - A
fzf w3y dA = [J(wer-s00 ) o] d
=5ff—u—5v dA

’5f0‘fol’u'lfi—5\/ dvdu

2

Piece 3
Y37
U+2v= 5-(2M+\/>

Ve l-U
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T2y dA where R is the
3r—y

region bounded by r —2y =0, 2 -2y =4, 3v —y =1, 3z —y = 8.

Example 3. Use a change of variables to compute / /
R

Ndtice 7(—23=0 and X—Zg*“% Can be Convemmﬂa renamed U0 and U4 d’or U= x-2
5()/14/% , 5?(-0%’—1 o 376-;1/8 Can be renamed V-l and V-8 %or V=3x%
So let M=X—2J , V=5)<\-7.

L&f’s 5¢t orgvancztﬂl with a sketch V\
Uz X-2 u=0 u=4
Bxey=l 3x-y=8 T {= _\j
? X-2y=0 V 3)(\j V=8
I
)('Zy:L{
T— Kfl?/'m S m
uv-plane
Regions R. i =27
%g—gvﬁme
V=1
7 A

We %We 6%%/&%%5 %or T thom xy 1 u,v> anstead of T TTo comoutt the Jacobian o T, we use the
daaf thatt the Jacobiaw of T s the reciprocal o the Jacobiaw of T

_ Mx MY | -2
V,( \/Y

Jacobian of T = | 3lus). = (N-(3)2) = 5

ol y)

3> -~

)

—

:Ecobmnaj T =7
Use this T rewrite sur ng(

fﬂﬂ ’;‘S/fTM{EI/dA 5/.]704 % ducly =

- 376 ’5 1

IS
S
™




EVM /K[ (x+) sz—yz A where R is the r&omg&:’ enclosed. bﬂ
the Wa 7(-%0, %'o‘t’l/ ?<+OL1=0, 9643:5 bﬂ mkmgb an appropr iaté
Owe oj variables

T7
X-4.20 &
r '
V=3
oy * T _
U= x-y
— V’ X’f’\/ V=0
%4g=3 0 ws2
Re?lmﬂm
x49=0 %g_lom
oluy) H g
. -\ wY -~ _
J;wobcm P Q(X,y)\ I R -

f/! (X+y>QXEYZdAs :U ve /IE, aA
- Lffj\/ew dudy

-3 [*y [Fe] dv

=5 ] e dy

/U



Remark .

H o region of hegration is an.ellpse

e oy

.3@4 can  use the Transtormatiow  u-a % V.’%\j A

tarn the reﬁﬂmmftr 2 ﬁfrc/é.uf Cradius 1





